Sterile neutrinos in the mass range of a few keV are candidates for both cold and warm dark matter. An ad-mixture of a heavy neutrino mass eigenstate to the electron neutrino would result in a minuscule distortion -a 'kink' -in a β-decay spectrum. In this paper we show that a wavelet transform is a very powerful shape analysis method to detect this signature. For a tritium source strength, similar to what is expected from the KATRIN experiment, a statistical sensitivity to active-to-sterile neutrino mixing down to sin 2 θ = 10 −6 (90% CL) can be obtained after 3 years of measurement time. It is demonstrated that the wavelet approach is largely insensitive to systematic effects that result in smooth spectral modifications. To make full use of this analysis technique a high resolution measurement (FWHM of ∼ 100 eV) of the tritium β-decay spectrum is required.
I. INTRODUCTION
Our current knowledge of particle physics comprises three light neutrino mass eigenstates ν 1 , ν 2 , and ν 3 , which mix and form the three flavor eigenstates ν e , ν µ , and ν τ . A number of observations, however, suggest the existence of sterile neutrino states. These would not interact at all with other particles in the Standard Model (SM), but could mix with the active neutrinos and form additional neutrino mass eigenstates [1, 2] .
For example, a natural way to incorporate neutrino masses into the SM is by introducing a right-handed counterpart to the purely left-handed active neutrinos. Right-handed neutrinos cannot couple to the weak force carriers, and hence can only be observed via their oscillation to left-handed neutrino states.
Without violating gauge invariance of the SM, a Majorana mass term for the right-handed neutrino can be introduced. Since no electroweak symmetry breaking is required for this mass term (i. e. no Higgs mechanism), it can have an arbitrary scale. The puzzling fact that neutrinos are six orders of magnitude lighter than all other fermions can be explained by choosing a rather high scale for this mass term, naturally creating the known light neutrino mass eigenstates and additional very heavy neutrino mass eigenstates [3] .
Another observations motivating the existence of additional neutrino states are recent anomalies in reactor and short-baseline experiments. These might be resolved by the existence of additional light sterile neutrinos mass eigenstates with a mass of ∼ 1 eV [4] [5] [6] [7] . (The speed of light c, and the Planck constant are set to unity in this paper.)
In this paper, we focus on sterile neutrinos in the mass range of a few keV, which are motivated by cosmological observations. These neutrinos would be one of the * currently at Department of Physics, University of South Dakota, USA most promising candidates for both warm (WDM) and cold dark matter (CDM) [8] [9] [10] [11] [12] [13] [14] . The existence of WDM would reconcile recent structure observations from subgalactic to larger scales. For example, the tension between the predicted and measured number of dwarf satellite galaxies in the ΛCDM concordance model of cosmology can be mitigated by adding a sizable contribution of WDM [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Current cosmological observations limit the mass m s and the active-to-sterile neutrino mixing angle sin 2 θ of keV-scale sterile neutrinos to 1 keV < m s < 50 keV and sin 2 θ < 10 −7 [31] [32] [33] [34] [35] [36] . Interestingly, recent analyses of XMM Newton telescope X-ray data show a very weak unidentified emission line from stacked galaxy cluster which could be possibly explained by the decay of a sterile neutrino with m s = 7.1 keV and active-to-sterile neutrino mixing of sin 2 θ = 7 · 10 −11 . Similar results have been reported for X-ray spectra of the Andromeda galaxy and the Perseus cluster [37] [38] [39] .
A small admixture of a keV-scale sterile neutrino mass eigenstate to the electron neutrino ν e would manifest itself in high resolution β spectroscopy: At a specific energy below the endpoint corresponding to the keV-scale sterile neutrino mass m s the reaction kinematics provide enough energy for emission of a heavy sterile neutrino mass eigenstate along with the electron. The opening of this new reaction channel thus results in a distinctive kink-like signature in the energy spectrum [40] [41] [42] [43] .
This paper details an investigation of using wavelet transforms to detect the spectral distortion from activeto-sterile neutrino mixing in tritium β decays. It is shown that a statistical sensitivity to mixing angles sin 2 θ ≥ 10 −6 (90% CL) can be achieved with the statistics equivalent to three full beam years expected from a KATRINlike β-decay experiment [44, 45] . Most importantly, it demonstrates that the detection of the kink signature using wavelet transform is almost independent of the exact shape of the spectrum. It will be shown that a differential measurement with high energy resolution is necessary to reach this sensitivity.
II. KEV-SCALE STERILE NEUTRINOS AND TRITIUM β-DECAY
This section describes the imprint of keV-scale sterile neutrinos on the tritium β-decay spectrum. Furthermore, we give a brief introduction to the KATRIN (KArlsruhe TRItium Neutrino) experiment [44, 45] and its strategy to measure the tritium β-decay spectrum in a narrow region close to the endpoint. We outline necessary modifications to the experiment in order to probe the region in the β-decay spectrum where the signature of activeto-sterile neutrino mixing can be expected.
A. Imprint of a keV-Scale Sterile Neutrino on the β-decay Spectrum
In the super-allowed β decay of tritium
an electron (anti-)neutrino eigenstate is created, which is a superposition of different mass eigenstates. Correspondingly, the β-decay spectrum is a superposition of spectra corresponding to the single mass eigenstates.
Since the mass splittings between the known light mass eigenstates m i are too small to be resolved experimentally, an 'effective electron neutrino' mass
is measured, where U ei represent elements of the PMNS matrix [46] . In the case where the electron neutrino contains an admixture of a neutrino mass eigenstate with a mass m s in the keV range, the different mass eigenstates will no longer form one effective neutrino mass term. In this case, due to the large mass splitting, the superposition of the β-decay spectra corresponding to the light effective mass term m light and the heavy mass eigenstate m s , can be detectable. The differential β-decay spectrum can be written as
where E e is the kinetic energy of the electron, sin 2 θ denotes the mixing of the heavy mass state to the electron neutrino flavor state, and E 0 = 18.6 keV is the endpoint energy. Figure 1 shows the effect of active-to-sterile neutrino mixing with sin 2 θ = 0.2 for a heavy sterile neutrino mass m s = 10 keV in the tritium β-decay spectrum. The kinklike signature in the spectrum results from the superposition of individual differential β-decay spectra corresponding to light and heavy neutrino emission. 
B. Measurement of the Tritium β-decay Spectrum
The KATRIN experiment is designed to measure the effective electron neutrino mass m light with a sensitivity of 200 meV (90% CL) [44, 45] . This will be achieved by an integral measurement of the tritium β spectrum in the close vicinity to the endpoint where the influence of m light is maximal.
The β source of KATRIN is an ultra-luminous windowless gaseous molecular tritium source (WGTS), which will deliver ∼ 10 11 β decays per second. A transport system guides the electrons from the WGTS to the spectrometer, while a system of differential pumping and cryotrapping prohibits tritium molecules from reaching the spectrometer. The spectrometer operates as a so-called MAC-E filter (Magnetic Adiabatic Collimation combined with an Electrostatic Filter), providing an energy resolution of < 1 eV. The basic idea is to set the spectrometer to a certain retarding potential, transmitting only those electrons with sufficient kinetic energy to overcome the potential barrier. By measuring the electron rate with a focal plane detector at the exit of the spectrometer for different retarding potentials, the integral β-spectrum is recorded.
The main advantage of KATRIN in view of a keV-scale sterile neutrino search is the tritium source strength [47] , providing unprecedented statistics to allow probing small mixing angles. However, the existing segmented focal plane detector [48] , as implemented for the low rate light neutrino mass measurement close to the endpoint, is not designed to handle the enormous rates of ∼ 10 11 counts per second.
A possible realization of a new detector system could be a highly modular detector array, comprising up to ∼ 10 6 pixels. A promising technology for high rate multipixel detectors could be based on Silicon Drift Detectors [49, 50] . This paper is not intended to outline a detailed technical realization of a new detector system. For our analyses we assume a generic detector system, capable of coping with the expected count rates, and we distinguish two generic measurement modes:
Differential measurement mode: Unlike in the usual KATRIN operating mode, the retarding potential would be set to a fixed low value at all times, transmitting the entire part of the β-decay spectrum of interest. In this case, we assume that the detector itself provides sufficient energy resolution to measure the differential tritium β-decay spectrum.
Integral measurement mode: As in the usual KA-TRIN operation mode, this measurement mode makes use of the unprecedented energy resolution in the eV range of the main spectrometer. In this case, the spectrum would be scanned by cyclic variation of the retarding potential of the main spectrometer. The detector system would measure the counting rate of the transmitted electrons and would not require a high energy resolution.
In the following we investigate the performance of a wavelet analysis of the tritium β-decay spectrum in detecting the kink-like signature of a keV-scale sterile neutrino. We consider the two described measurement modes, different energy resolutions, and the effect of uncertainties on the spectral shape.
III. WAVELET TRANSFORM
There is a wealth of literature on using different transformation techniques in signal processing. One of the most well-known methods is the Fourier transform, which transforms a time-dependent signal into the frequency domain. The Fourier transform provides a constant resolution for all frequencies depending on the signal length. Although the frequency components in the signal are known after a Fourier transform, there is no information on the point in time where a certain frequency appears in the signal.
In contrast, a wavelet transform is a technique that offers both time and frequency resolution [51] [52] [53] [54] [55] [56] [57] . A Wavelet transform performs a convolution of specific window functions, so-called wavelets, with the given signal. In contrast to the sinusoidal basis functions of the Fourier transform, wavelets offer the major advantage of being localized in time and frequency. Changing the wavelet's position in the transformation of the signal provides the time resolution, while modulation of the wavelet length leads to the frequency resolution.
In this section a short overview of the continuous and the discrete wavelet transform, which is the basis for the analysis in this paper, is presented.
A. Continuous wavelet transform
The continuous wavelet transform (CWT) of a continuous function f (t) is defined as
In this notation [55] , Ψ s,τ (t) is the set of wavelets with the scale parameter s , the translation parameter τ . The wavelets are calculated from a mother wavelet Ψ 0 (t). The set of wavelets is given by
where scale parameter s describes the size and thereby the frequency band of the wavelet. Small scales refer to high frequencies and large scales refer to small frequencies. The translation parameter τ shifts the wavelet relatively to the signal allowing an examination at different points of time. Thus, the CWT of a signal provides a two-dimensional spectrum with time (translation) and frequency (scale) resolution.
B. Discrete wavelet transform
To compute the discrete wavelet transform (DWT), several successive high-pass and low-pass filters are applied to a discrete time-domain signal. In the first step, the high-pass filter determines the amount (Power) of high frequencies (corresponding to "scale 1") at certain times in the signal. Scale 1 covers the frequency range from half the maximal frequency fmax 2
to the maximal frequency f max . The low-pass filter eliminates these high frequencies and returns a smoothed signal.
In the second step, the wavelet transform acts on the smoothed signal: The high-pass filter determines the amount of frequencies, corresponding to "scale 2", in the smoothed signal and the low-pass filter subtracts these and returns a further smoothed signal. Scale 2 covers a smaller frequency range than scale 1, namely fmax 4 to fmax 2 . This pyramidic algorithm, visualized in figure 2, is repeated successively until the signal is reduced to only two values.
By applying this strategy of sub-band coding, the frequency resolution increases by a factor of two in each step while the time resolution decreases by the same factor. Hence, DWT has a good frequency resolution for low frequencies and a good time resolution for high frequencies.
In our analysis, we implemented the DWT as a matrix transformation [53] performing the successive high-and low-pass filtering on the data vector. In our case, the data vector describes the tritium β-decay spectrum from 0 − 18.6 keV with 512 points. The coefficients of this matrix are specific to a certain mother function Daubechie n [51, 52] . Our investigations showed that n=18 (as displayed in figure 3 ) is most efficient for our purposes. 
IV. WAVELET ANALYSIS OF THE TRITIUM β-DECAY SPECTRUM
In the first part of this section we demonstrate the properties of wavelet transform in analyzing tritium β-decay spectra to search for the signature of a keV-scale sterile neutrino. In the second part we introduce the statistical procedure to quantify the sensitivity of our analysis technique.
A. Technical realization of the DWT
The tritium β-decay spectrum is described by a data vector x i of length N = 512, where x i is the decay rate in the energy bin i. In the first step of the DWT this data
where
The entries in odd rows of this matrix are scaling coefficients, acting as a low-pass filter, the even entries are so-called wavelet coefficients and operate as the high-pass filter on the data vector. We choose our parametrization according to [53] .
After the initial step, the resulting vector has . This is repeated successively, until the length of the data vector is reduced to 2. Figure 4 displays the procedure.
The power values γ s k contain the information about the appearance of certain frequencies (corresponding to scale s) in the signal at position k (i. e. at a certain β energy in our case). The kink-like signature of a keV-scale sterile neutrino in the β-decay spectrum, see figure 1, manifests itself in the power spectrum as a large excess of γ s k at the kink position for multiple scales. Figure 5 displays γ s k for four different scales, corresponding to the DWT of a tritium β-decay spectrum including the signature of a keV-scale sterile neutrino with a mass of m s = 8 keV and a mixing angle of sin 2 θ = 10 −5 . At the low-and high-energy ends of the power spectrum, boundary effects of the applied wavelet method constrain the sensitivity for keV-scale sterile neutrinos. s , corresponding to ∼ 140 eV (scale 2), ∼ 280 eV (scale 3), and ∼ 562 eV (scale 4). At the low-and high-energy part of the spectrum, boundary effects occur due to the non-periodicity of the tritium β-decay spectrum.
This behavior arises from the fact that the wavelet transform is not optimized for non-periodic signals such as the tritium β-decay spectrum. In other words, a periodic continuation of the tritium β-decay spectrum, leads to a large step at the boundary.
A possible way to reduce this effect is by modifying the spectral shape to allow for a smooth connection of the end to the beginning of the spectrum or to use a modified wavelet approach with a purely band-diagonal DWT matrix as described in [58] . In this work we focus on the fully model-independent approach, based on the standard DWT of the unmodified spectrum.
B. Statistical Analysis Method
To separate spectra with a kink signature from spectra without, we define the parameter Ω s (m s ) as the sum of the absolute power values |γ s | in a window centered at the position E kink corresponding to the keV-scale sterile neutrino mass we are probing:
where ∆ s is chosen as 5 times the length of the wavelet of the considered scale s. The power |γ| depends on the relative position of E kink within the wavelet. To avoid an unphysical dependence on the phase shift of the wavelet, we average the result over all integer shifts ϕ s = 0 . . . L s , where L s = 2 s is the length of a wavelet in units of energy bins. We use 18 electrons. This is achieved after 3-years differential measurement with the expected KATRIN source strength, taking into account angular acceptance and a generic 90% detection efficiency.
as signal-sensing parameter in our analysis. Figure 6 shows the distributions of Ω s (m s ) obtained from MC simulations for scale 3 and a keV-scale sterile neutrino of m s = 8 keV. We compare the distributions for the no-mixing case (sin 2 θ = 0), to small mixing amplitudes of sin 2 θ = 10 −6 and 2 · 10 −6 , respectively. Assuming a source strength equivalent to what can be expected from KATRIN and a measurement time of 3 years a spectrum including active-to-sterile neutrino mixing with a mixing amplitude of sin 2 θ ≈ 10 −6 can clearly be distinguished from an undistorted spectrum.
Based on the basic principle in [59] , we define the exclusion limit at 90% confidence level, as the mixing angle sin 2 θ limit , for which 90% of the values of Ω s (m s ) are larger than the expectation value of the Ω s (m s ) distribution without active-to-sterile neutrino mixing (sin 2 θ = 0). By determining sin 2 θ limit for each keV-scale sterile neutrino mass we can draw an exclusion contour in the (m s , sin 2 θ) plane as shown in figure 7.
V. SENSITIVITY OF THE WAVELET APPROACH
This section discusses the sensitivity of the wavelet technique including statistical and systematical effects. We compare the purely statistical sensitivity for the differential and integral measurement mode, as described in section II B. Furthermore, we investigate systematic effects in a generic way. First, we demonstrate that the wavelet approach is largely insensitive to the precise shape of the tritium β-decay spectrum. Second, we show that an energy resolution of the order of about 100 eV is necessary in order to utilize the full potential of the 
FIG. 7. 90% exclusion limits for total statistics of 10
18 electrons. Scale 4 reaches the strongest exclusion limit, however, boundary effects increase with increasing scale and limit the sensitivity in the low and high mass region. wavelet approach.
A. Statistical sensitivity for Different Measurement Techniques
To visualize the impact of different measurement techniques, the signature of a keV-scale sterile neutrino in an integral and a differential spectrum is shown in figure 8 . The relative magnitude of the keV-scale sterile neutrino signature in the differential β-decay spectrum exceeds the one in the integral spectrum, resulting in a steeper slope next to the kink. Consequently, we expect a higher sensitivity in the case of a differential measurement (in addition to its inherent better statistics). Figure 9 compares the sensitivity of an integral and dif- . Exclusion curves at 90% CL for differential and integral spectra assuming a measurement time of 3 years with the expected KATRIN source strength. The analysis of a differential spectrum in scale 4 (black dotted lines) yields the best sensitivity in terms of sin 2 θ. In scale 3 (red solid line) a larger mass range is covered but the sensitivity in terms of sin 2 θ is reduced. In both scale 3 (red dashed line) and 4 (back dotted dashed line), the sensitivity is drastically reduced, when applying the DWT to the integral spectrum as compared to the differential spectrum.
ferential measurement mode for different scales. For scale 4 a sensitivity of up to sin 2 θ > 4 · 10 −7 can be reached. Boundary effects limit the mass range to m s = 6−13 keV. The same scale applied to an integral spectrum reaches only sin 2 θ > 1.6 · 10 −5 . With scale 3 a larger mass range of m s = 4 − 15 keV can be covered. The sensitivity in this case reaches sin 2 θ > 1 · 10 −6 for the differential measurement mode and sin 2 θ > 6.3 · 10 −4 for the integral mode. We conclude that a differential measurement mode is strongly preferable to exploit the full potential of the wavelet technique.
B. Impact of systematical uncertainties
In this section, the systematic effect of theoretical uncertainty on the spectral shape and a finite energy resolution are investigated. Both effects are implemented in a generic way, by introducing a polynomial shape factor and a Gaussian smearing of the energy, respectively.
Spectral shape
In standard fitting procedures of a β-decay spectrum, a precise knowledge of the spectral shape is necessary [60] .
In this section we demonstrate that the wavelet approach is largely independent of the spectral shape and therefore insensitive to spectral uncertainties, provided that corrections to the tritium β-decay spectrum are smooth functions of energy.
Theoretical corrections arise on the particle, nuclear, atomic and molecular level. An ensemble of corrections has to be applied to the Fermi theory of β-decay. The most dominant comprise electron screening [61] , radiative corrections [62] , and electron exchange [63] . The size of these corrections reaches 0.01% at the β-spectrum thresholds. All these corrections change the shape of the tritium β-decay spectrum in a smooth way. The final state distribution (FSD) is anticipated to be the largest and, at the same time, least known effect. Only 43% of all 3 H decay to the electronic ground state. Furthermore, as KATRIN is providing a molecular tritium source, this ground state is broadened by rotational and vibrational eigenstates of the daughter molecule. As the FSD is a relevant systematic effect for the light neutrino mass measurement, it has been computed precisely for a region close to the endpoint. However, no calculation is currently available for β-energies further away from the endpoint, as would be needed for a keV-scale sterile neutrino search. Provided that the excitations probabilities change smoothly as a function of β energy, the FSD would lead to large corrections close to the endpoint and a smooth correction further than 300 eV (corresponding to the maximal excitation energy) from the endpoint.
In addition, from the experimental point of view, source and detector related systematic effects will alter the spectral shape. These mainly entail energy losses due to inelastic scattering of the electrons while leaving the source, an energy-dependent detection efficiency, due to energy loss in the detector dead-layer and backscattering of electrons from the detector surface.
Here, we test the wavelet technique with a heuristic approach: We incorporate smooth spectral shape corrections by multiplying the spectrum with a polynomial function of energy.
where E is the kinetic energy of the electron and E 0 is the spectrum endpoint. As the effort of understanding the spectral shape has been focused on a region close to the endpoint, we assume the uncertainties to increase towards lower β-electron energies. To simulate the effect of a spectral shape uncertainty on the sensitivity, we allow the spectral shape to vary within a band of the width σ, depicted in figure 10 . This is realized by drawing the parameters a, b, and c from a Gaussian distribution with a mean of zero and standard deviation σ, for each Monte Carlo simulations of the tritium β-decay spectrum. Figure 11 shows the sensitivity contours for a spectral uncertainty of σ = 10%. It is evident that even in case of shape corrections of the order of 10% to the β-decay spectrum, the sensitivity stays largely unchanged. In this range the detection of a kink-like signature with the wavelet approach is independent of the precise shape of the tritium β-decay spectrum. As long as the corrections are differentiable functions the kink can still be depicted by the wavelet. analysis where the spectral shape was varied with σ = 10% as described in the main text and figure 10 . As a result we find that the exclusion limits stay largely unchanged when allowing for this 10% uncertainty of the spectrum. This result represents the main advantage of a wavelet analysis in a keVscale sterile neutrino search.
Energy resolution
In this section we investigate the effect of a finite energy resolution, which would wash out the local kink signature of a keV-scale sterile neutrino, as displayed in figure 12 , and thereby alter the sensitivity of the wavelet approach. To implement a washing-out of the kink signature we convolute the tritium β-decay spectrum with a Gaussian function with a certain full width half maximum (FWHM), representing the energy resolution. Figure 13 shows the exclusion contours for a finite Influence of a finite energy resolution, leading to a washing-out to the kink-like signature for a differential measurement of 3 years. Especially for scale 3 (red solid line) the sensitivity is drastically reduced by a finite energy resolution of 100 eV (red dashed line). Scale 4 is less sensitive to a small washing-out. This is to be expected considering the intrinsic decrease of energy resolution of higher scales, as described in section III B .
energy resolution of FWHM = 100 eV and FWHM = 200 eV. As expected, the sensitivity is drastically reduced, since the sharp kink signature, to which the wavelet approach is sensitive, is smoothed in case of a finite resolution. We conclude that for a successful application of the wavelet approach a differential measurement with an energy resolution of the order of FWHM = 100 − 200 eV is necessary to achieve a sensitivity to a mixing angle of sin 2 θ ∼ 10 −5 . In case of an integral measurement, due to the very sharp transmission characteristics of the main spectrometer, an energy resolution of 0.93 eV can be achieved [44, 45] . Therefore, the energy resolution is not the critical factor for an integral measurement; the sensitivity curves in figure 9 are not modified significantly even when assuming a reduced energy resolution of the spectrometer by up to a factor of about 10.
VI. CONCLUSION AND OUTLOOK
In this work we have shown that the wavelet approach is a powerful method to detect the kink-like signature of a keV-scale sterile neutrino in the tritium β-energy spectrum. With this model-independent ansatz of applying the standard DWT to a completely unmodified tritium β-decay spectrum one can reach a sensitivity of better than sin 2 θ = 10 −6 in a mass range of m s = 4 − 15 keV. Most importantly, it is demonstrated that the shape of the β-decay spectrum need not to be known to a precision level equivalent to the size of active-to-sterile neutrino mixing in order to be sensitive to the kink-signature. As long as the corrections to the spectral shape can be described by smooth functions, the sensitivity to detect a keV-scale sterile neutrino signature remains unchanged.
From an experimental point of view, we come to the conclusion that a KATRIN-like tritium source in combination with a differential measurement technique, offering an energy resolution of FWHM ∼100 eV, should allow to push forward into uncharted parameter regions of laboratory searches for sterile neutrinos.
This sensitivity level would significantly improve on existing limits on active-to-sterile neutrino mixing in the keV-mass range from kink searches in nuclear β-decays, typically reaching levels of ∼ 10 −3 [64] , and be the first step to probing parameter regions of interest for cosmology and astrophysics.
